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Abstract:
We consider a semi-classical treatment, in the regime of weak gauge coupling, of
supersymmetric Yang-Mills theory in a space-time of the form T 3×R with SU(n)/Zn
gauge group and a non-trivial gauge bundle. More specifically, we consider the
theories obtained as power series expansions around a certain class of normalizable
vacua of the classical theory, corresponding to isolated points in the moduli space of
flat connections, and the perturbative corrections to the free energy eigenstates and
eigenvalues in the weakly interacting theory. The perturbation theory construction
of the interacting Hilbert space is complicated by the divergence of the norm of the
interacting states. Consequently, the free and interacting Hilbert furnish unitarily
inequivalent representation of the algebra of creation and annihilation operators
of the quantum theory. We discuss a consistent redefinition of the Hilbert space
norm to obtain the interacting Hilbert space and the properties of the interacting
representation. In particular, we consider the lowest non-vanishing corrections to
the free energy spectrum and discuss the crucial importance of supersymmetry for
these corrections to be finite.
1 Introduction
In 3 + 1 dimensions there are three distinct classes of pure supersymmetric Yang-
Mills theories, labelled by the amount of supersymmetry,N = 1, 2 and 4 respectively,
that they possess. A SYM theory is completely specified by the choice of N , a com-
pact gauge group with simply connected cover G and the gauge coupling constant
g. The generic field content is a gauge field Aµ, scalar fields Φ and spinors X, all
transforming in the adjoint representation of the Lie algebra g of G. In the case of
extended supersymmetry the scalars and spinors also furnish non-trivial representa-
tions of the R-symmetry. We will consider these theories in a space-time of the form
T 3 × R, where R denotes the time and it is assumed that the spatial three-torus
is T 3 = R3/Z3. The torus preserves all supersymmetries and translational invari-
ance while breaking the continuous Lorentz symmetries, and in the case of N = 4
the conformal symmetry, present in a Minkowski space-time. Due to its periodicity
the torus also introduces a natural infrared cut-off, because the spatial momentum
vectors have a finite shortest length, removing any IR divergences of the theories.
In this space-time geometry we will be concerned with the weak coupling energy
spectrum around certain normalizable vacua of the SYM theories. As we will dis-
cuss in more detail later, the compactness of the spatial T 3 implies that we indeed
expect non-trivial energy corrections since scattering states cannot be separated to
asymptotically free regions.
Throughout, we will work in a Hamiltonian formalism in temporal gauge, A0 ≡ 0,
with gauge group Gadj = G/CG, where CG is the centre subgroup of G. In this
setting, the wave-functions of vacuum states in the weak coupling limit are localized
on the moduli space M of gauge inequivalent flat connections, which generically
consists of several disconnected components. The moduli space is parameterized by
the holonomies around the generators of the fundamental group of the torus, which
define an almost commuting triple of elements in G. The components of M are
characterized by the topology of the corresponding gauge bundle and the rank of
the subgroup of Gadj left unbroken by the almost commuting triple. Points in M
where the gauge group is completely broken correspond to normalizable vacua of
the classical theory and it is therefore possible to perform a power series expansion
to obtain a weak coupling description of the theory at such points. These matters
will be discussed in more detail in sections two and three.
The free limit, i.e. where g → 0, of the theory at rank zero points of M was
treated in [1], where the spectrum was computed for arbitrary choice of G. Special
emphasis was put on the case of N = 4 but, as mentioned, the results obtained
easily generalize to N = 1 and N = 2. In the present paper we attempt to continue
the analysis in [1] by considering the lowest order perturbative corrections to this
spectrum in the special case whereG = SU(n). We will describe the 3+1 dimensional
theory as the dimensional reduction, discussed in section four, of N = 1 SYM theory
in higher dimensions. This point of view provides a suitable framework for studying
the weak coupling spectrum and allows the generalization of the results of the present
paper from the N = 4 case to N = 1 and N = 2.
After a brief review of the free theory in the higher dimensional N = 1 context
in section five, we proceed with a perturbative treatment of the interacting theory
in section six. We first consider the Hilbert space of the interacting theory to linear
order in g and derive formal expressions for the energy corrections to quadratic order
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using perturbation theory in g. The states produced by standard perturbation the-
ory, expressed as linear combinations of states in the free Hilbert space, turn out to
have infinite norm and do consequently not belong to the free Hilbert space. How-
ever, the Hilbert space norm can be consistently redefined to render the norms finite,
a procedure which amounts to defining a new Hilbert space, inequivalent to that of
the free theory. The two distinct Hilbert spaces correspond to unitarily inequivalent
representations of the algebra of the creation and annihilation operators of the free
theory. We discuss in detail the construction of the interacting Hilbert space, and
the corresponding representation, from the states produced by perturbation theory.
As we will see, the standard perturbation theory formulas for the energy shifts are
valid. However, it is not obvious that they give finite results. We investigate the
energy corrections to O(g2) and discuss how supersymmetry entails a non-trivial
cancellation of the UV divergences, rendering the corrections finite.
The finiteness of the energy corrections is certainly expected in the N = 4 theory,
which is known to be finite to all orders. The N = 1 and N = 2 theories are also
consistent quantum theories and their interacting energy spectra are also expected to
be finite after the theories are renormalized. The present consideration of the energy
eigenvalues, however, does not require the implementation of any renormalization
scheme to yield finite corrections. Furthermore, the construction of the interacting
Hilbert space contains, as mentioned above, several subtleties that must be addressed
to consistently define the Hilbert space of the interacting theory using perturbation
theory. It should finally be stressed that the explicit perturbative corrections to the
energy are only numerically accessible, and beyond the scope of the present paper.
2 Vacuum states in Yang-Mills theory on T 3
The choice of temporal gauge, A0 ≡ 0, and the fact that the space-time we are
considering is a direct product T 3 × R, allows us to consider the fields of the SYM
theory as sections of fibre bundles over the spatial part T 3 with an additional time-
dependence. We consider the adjoint form of the gauge group Gadj = G/CG, where
CG ⊂ G is the centre subgroup of G. In this context, the gauge field Ai, where
i = 1, 2, 3 denote the spatial dimensions, is the connection of a principal Gadj -bundle
P over the base space T 3. Through the adjoint action of G on its Lie algebra g we
can construct the associated vector bundle
E = ad(P ) = P ×ad g . (2.1)
The scalar and spinor fields appearing in the various SYM theories are then sections
of the bundles E and E ⊗ S respectively, where S is the unique spinor bundle over
the full space-time compatible with supersymmetry.
2.1 Bundle topology
Since the base manifold is three-dimensional, the isomorphism class, or topological
class, of the gauge bundle P is completely determined by its discrete magnetic
abelian ’t Hooft flux (or Stiefel-Whitney class)
mˆ ∈ H2(T 3, CG) . (2.2)
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This can be understood by considering the first few homotopy groups of compact
simple Lie groups Gadj . Both π0(Gadj) and π2(Gadj) are trivial while π1(Gadj) ∼= CG
due to the fact that G is the simply connected covering group of Gadj . Consequently,
the only way non-trivial bundle topology can arise is if the transition functions of
the bundle wrap non-trivial one-cycles in the gauge group Gadj . The ’t Hooft flux
measures the obstruction to lifting the principal Gadj -bundle to a principal G-bundle
over T 3 and completely specifies the topology of the bundle, thus determining P up
to isomorphisms.
The ’t Hooft flux mˆ is in turn completely specified by its restrictions mij ∈
H2(T 2, CG) ∼= CG to the two-tori in the i and j directions, implying that we can
express mˆ as a triple of elements in the centre subgroup
mˆ = (m23,m31,m12) ∈ C3G . (2.3)
This triple transforms as a vector under the mapping class group SL(3,Z) of the
torus and if the centre subgroup is cyclic, which is indeed the case for the gauge
groups G = SU(n) we will be considering, it is possible to choose coordinates on T 3
such that mˆ = (1l, 1l,m) and the topological class of the bundle is encoded by the
single element m ∈ CG. Since E and E ⊗ S inherit their topology from P through
the associated bundle construction, m determines the bundle isomorphism classes
completely.
2.2 Vacuum states and flat connections
A low-energy state of the Yang-Mills theory is characterized by the vanishing of
the magnetic contribution, proportional to Tr(F ijF ij), to the energy density. This
implies that such states are supported on the moduli space M of flat connections,
i.e. connections with F ij = 0. Furthermore, the electric energy contribution is
proportional to Tr(F 0iF 0i), implying that vacuum states are locally constant onM
since the momentum conjugate to Ai is F 0i.
The moduli spaceM is parameterized, modulo simultaneous conjugation, by the
holonomies
Uˆi = P
(
exp i
∫
γi
A
)
, (2.4)
where γi, i = 1, 2, 3, are the three homotopically inequivalent generators of the
fundamental group π1(T
3) of the torus. Since the curve γiγjγ
−1
i γ
−1
j is contractible
the holonomies constitute a triple (Uˆ1, Uˆ2, Uˆ3) of mutually commuting elements in
Gadj . The lifting (U1, U2, U3) of the commuting triple to the universal cover G will
generally not commute, due to the obstruction to lifting the bundle P to a principal
G-bundle. However, it satisfies the relation
mij = UiUjU
−1
i U
−1
j , (2.5)
wheremij are the components of the ’t Hooft flux mˆ. The elements Ui are referred to
as an almost commuting triple. Since the centre CG acts trivially on g, it is possible
to simultaneously diagonalize the adjoint action of the Ui on the Lie algebra g by
choosing a basis Tz satisfying
U−1i TzUi = ziTz . (2.6)
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The eigenvalues zi are complex roots of unity by virtue of the finite order of the Ui,
due to the cyclic structure of π1(T
3), and form an eigenvalue vector ~z. The action
of the mapping class group SL(3,Z) on the holonomies induces an action on the
eigenvalue vector by element multiplication. We note that the adjoint action of Uˆi
is also diagonalized by the Tz and that the eigenvalues zi are not affected by the
lifting procedure.
Flat connections with distinct topology, described by m, constitute disjoint sub-
spaces M(m) ⊂ M which are generally disconnected. The holonomies may break
the gauge group to a subgroup H ⊂ Gadj , which is the centralizer or commutant of
the triple Uˆi, and the rank of H, here denoted ra, is constant on each component of
M(m)
M(m) =
⋃
a
Mra . (2.7)
Generically, H is abelian but at certain subspaces MH it may be enhanced with
non-abelian terms, so that its Lie algebra is
h = s⊕ u(1)r , (2.8)
where s is semi-simple of rank rs and ra = rs + r.
In particular, the gauge group may be completely broken, ra = 0, to a finite group
H, in which case the almost commuting triple has no eigenvalue vector ~z = (1, 1, 1).
The corresponding componentsM0 are isolated points (zero-dimensional subspaces)
in M(m). In fact, there is a one-to-one correspondence between isolated points in
M and rank zero triples. Almost commuting triples Ui that completely break the
gauge group are therefore referred to as rank zero or isolated triples. The conjugacy
classes of isolated triples have been extensively studied in mathematics [2, 3, 4]
and in terms of the application in the context of supersymmetric Yang-Mills theory
described above [5, 6, 7, 8, 9, 10, 11, 12, 13].
In addition to a flat connection and vanishing conjugate momentum to the gauge
field Ai, a vacuum state of SYM theory is characterized by covariantly constant
scalar and spinor fields. Modes associated with broken generators become massive,
contributing a finite energy to the Hamiltonian density, which means that they must
vanish in zero energy field configurations. In the following section we will restrict
considerations to connections that completely break the gauge group. Such vacua
are characterized by the vanishing of all scalar and spinorial modes.
3 The weak coupling expansion
In this paper we are concerned with the limit where the gauge coupling is weak,
i.e. where the coupling constant is small g ≪ 1. In this limit a semi-classical treat-
ment of the quantum theory can be obtained by expanding the fields in powers of g
around any zero-energy field configuration and quantizing the fluctuations. In order
to obtain a finite theory in the expansion, we must demand that the vacuum state
used as a background is normalizable. Given a gauge group G, the first question
to address is thus which vacua of the classical theory, if any, are normalizable and
suitable for a weak coupling expansion.
To answer the question we consider the low energy effective field theories local-
ized at the subspace MH ⊂ M, corresponding to unbroken gauge group H. When
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h contains abelian terms the vacuum states discussed in the previous section are not
normalizable, since each u(1) term corresponds to a flat direction in the phase space
of the theory. The solution to the equation of motions in these directions are there-
fore plane waves in field space that cannot be normalized. We must consequently
restrict H to be semi-simple or finite.
At subspacesMH with H semi-simple, the quantized low energy effective theory
is described by supersymmetric quantum mechanics with gauge group H and 4, 8 or
16 supercharges, corresponding to N = 1, 2 and 4 respectively [10]. These theories
have been extensively studied in the context of D-brane physics and it is conjectured
that the only cases which admits normalizable zero energy configurations are the
theories with 16 supercharges [14]. For the case G = SU(n) we will be considering,
the possible semisimple parts of the unbroken subgroupsH are direct products of SU-
factors. The supersymmetric quantum mechanics for such factors supposedly has a
single bound states at threshold which is normalizable [14, 15]. However, the problem
of constructing the corresponding wave-functions, or even proving the existence of
these states, has proven very difficult and remains an open one. In order to establish
the validity of a weak coupling expansion and perform explicit calculation we require
a thorough understanding of the vacuum state of the classical theory. Such an
understanding is not yet obtained for the bound states at threshold, on account of
their elusive nature, and we will therefore restrict all further considerations to the
final remaining case where H is finite.
In contrast to H semi-simple the case when the connection breaks the gauge
group to a finite subgroup is trivial, due to the vanishing of all scalar and spinor field
modes and the isolation of such a connection inM discussed in the previous section.
Thus, specifying a flat connection, or equivalently an almost commuting triple, that
completely breaks the gauge group is equivalent to specifying a normalizable vacuum
state of the classical theory. The structure of the moduli spaceM can be determined
using the results obtained in [4] where, in particular, a complete classification of
almost commuting rank zero triples for compact, connected and simply connected
G was given.
Given an isolated flat connection Aµ we can now perform the weak coupling
expansion, mentioned above, of the fields in powers of g. Such an expansion yields

Aµ = Aµ + gaµ
Φ = gφ
X = gχ
(3.1)
since all scalar and spinor modes vanish in the corresponding zero energy field con-
figuration. This expression can be considered exact, including all orders of the
expansion in the perturbations aµ, φ and χ. The covariant derivative with respect
to the flat connection Ai is denoted Di, while the covariant derivative with respect
to the full gauge field Ai is denoted Di. The choice of temporal gauge implies a
0 = 0,
and to fix the remaining redundant gauge degree of freedom we choose to impose
the Coulomb gauge condition, Diai = 0, on the fluctuations in the connection.
3.1 The covariant derivative and momenta on T 3
It is convenient at this point to return to the vector bundle E = ad(P ) considered
in the previous section. Sections of this bundle are Lie algebra-valued functions of
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space-time, and in particular we are interested in the space Γ(E) of L2 sections of
E, where the norm is taken with respect to the sesquilinear inner product
(α, β) =
∫
T 3
d3xTr(αβ) . (3.2)
The self-adjoint covariant derivatives with respect to the background connection
constitute endomorphisms of this space
iDi : Γ(E)→ Γ(E) , (3.3)
and commute by flatness of A, implying that they can be simultaneously diagonal-
ized. Simultaneous eigensections up(x), satisfying
iDiup = 2πpiup , (3.4)
were constructed in [1] through parallel transport of the Lie algebra basis elements
Tz by the holonomy
g˜(x) = P
(
exp i
∫ x
0
A
)
(3.5)
according to
up(x) = g˜(x)
−1Tz g˜(x)e−logzix
i
. (3.6)
The relation between the eigenvalues zi and the momentum eigenvalues pi is simply
given by
pi =
1
2π
Argzi + ki , (3.7)
where ki ∈ Z and Argzi is the principal argument of zi. Thus, the non-abelian part
of Di shifts the momenta admitted by the torus by a rational number in the range
[0, 1). A characteristic feature of the isolated flat connections we are considering
here is that at least one of the components pi will always receive a non-zero shift,
since there are no ~z = (1, 1, 1) eigenvalue vectors. In [1] the eigenvalues zi were
computed for all isolated flat connections in the classification of [4].
Returning to the properties of up we find that, with a suitable scaling of the
generators of g, they constitute an orthonormal basis of Γ(E) satisfying
up = u−p
(up, up′) = δp,p′∑
p u
a
p(x)u
b
p(x
′) = δabδ(3)(x− x′)
, (3.8)
where a, b are indices taking values in the Lie algebra g. This basis can be used
to perform a Fourier expansion, the details of which will be considered in the next
section. The Fourier coefficients are then promoted to creation and annihilation
operators in the quantum theory to obtain the momentum space formulation of the
SYM theory.
In computing the spectrum of the theory we will need to compute the Lie bracket
of the momentum eigenfunctions. From the construction of up we find that
[up(x), up′(x)] = Cp,p′up+p′(x) , (3.9)
where the coefficients Cp,p′ are defined by the structure constants of g according to
[Tz, Tz′ ] = Cp,p′Tz·z′ , (3.10)
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where [·, ·] should not be confused with the commutator of operators in the quantum
theory introduced below. In z · z′ the · denotes multiplication in each component of
the eigenvalue vectors. This action corresponds to the addition of the momentum
eigenvalues pi and p
′
i. We see that Cp,p′ is antisymmetric in p and p
′, and depends
only on the basis vectors Tz and Tz′ associated to the two momenta. In particular,
this implies that Cp,p′ 6= 0 only for p and p′ corresponding to distinct generators Tz
and Tz′ . Furthermore, in the basis used above for the Lie algebra g the coefficients
Cp,p′ are purely imaginary.
In the general case the set of ~z is not closed under the action of ·, which corre-
sponds to empty subspaces in the Z3r gradations of the Lie algebra g, where r is an
integer, defined by the triple (U1, U2, U3) [1]. If z · z′ labels such an empty subspace
the generators Tz and Tz′ commute and the corresponding coefficients Cp,p′ vanish.
It should be noted that the spatial momentum operator Pi acting on the Hilbert
space of the SYM theory does not receive any corrections in g in the weak coupling
expansion (3.1) while the Hamiltonian H does receive such corrections. The reason
for the qualitative difference between these two quantities is the fact that the mani-
fold T 3 ×R we are considering has spatial periodicity but not temporal periodicity.
Consequently, the eigenvalues of the generators of spatial translation must belong
to the lattice reciprocal to T 3, and are therefore protected from corrections arising
from continuous deformations of the theory. The eigenvalues of the Hamiltonian
on the other hand, are not similarly restricted and can indeed receive corrections.
Consequently, the momenta pi admitted by the torus are found as the eigenvalues of
the iDi operator even for finite coupling strength. The eigensections up thus form a
suitable basis of Γ(E) in the Hamiltonian formalism also at finite g.
3.2 The G = SU(n) case with non-trivial topology
So far, the discussion is valid for arbitrary choice of gauge group G and isolated flat
connection A. We will now restrict our attention to a special choice of gauge group,
namely G = SU(n). The corresponding Lie algebra su(n) has the appealing feature
of non-degenerate momentum eigenvalues1, implying that the eigenfunctions up are
completely characterized by the triple pi.
The centre subgroup is CSU(n) ∼= Zn ∼= {v1l | vn = 1} which is cyclic, allowing us
to characterize the bundle topology by a single element m ∈ CSU(n). Furthermore,
we know from the results of [4] that the moduli space M for SU(n) gauge groups
only contains isolated points for certain non-trivial isomorphism classes of bundles,
corresponding to non-trivial bundle topology, namely those where m is a generator
c of CSU(n). There are consequently ϕ(n) classes of bundles admitting isolated flat
connections and the corresponding moduli spaces are
MSU(n)(m = c) =
n⋃
i=1
M(i)0 , (3.11)
where ϕ(n) is the Euler ϕ-function counting the number of integers less than or
equal to n which are coprime to n. We recall that the subscript of the components
of MSU(n)(m = c) is the rank ra of the unbroken gauge group, implying that the
1For all other choices of G the isolated points in the moduli space of flat connections correspond
to degenerate momentum eigenvalues [1].
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gauge group is completely broken on M(i)0 . Here, we have also added an additional
superscript (i) counting the different components with coinciding values of ra. Note
that the subspacesMSU(n)(m = c) contain no components in addition to the isolated
points.
Corresponding to the n rank zero components for a particular choice of c, asso-
ciated to a particular n:th root of unity v, are the n almost commuting triples in
SU(n) with
U1 =
(
0 1ln−1
(−1)n−1 0
)
, U2 = an · diag(1, v, . . . , vn−1) , (3.12)
where
an =
{
1 , n = 2p + 1
v1/2 , n = 2p
, (3.13)
and U3 any element of CSU(n). Indeed these elements are almost commuting and
satisfy m12 = c and mi3 = 1l as required. The triples, unique up to conjugation,
correspond to the same triple in Gadj = SU(n)/Zn since the centre of SU(n) acts
by multiplication on the third component U3 [4] and the magnetic ’t Hooft flux
completely characterizes the components of M for a gauge group on the adjoint
form. The different choices of the generator c do, however, correspond to inequivalent
conjugacy classes of rank zero triples, implying that there are ϕ(n) distinct triples
that completely break the gauge group and thus define normalizable vacuum states of
the classical theory suitable as background field configurations for the weak coupling
expansion.
The spectrum of the iDi operator for all the ϕ(n) rank zero triples is
 p1p2
p3

 ∈



 q1n + Zq2
n + Z
Z


∣∣∣∣∣∣
q1, q2 ∈ {1, . . . , n}
(q1, q2) 6= (n, n)

 , (3.14)
which is non-degenerate as mentioned above. The fact that the spectrum is identical
for all the available triples implies that the weak coupling expansion will not depend
on which of the ϕ(n) vacuum states we choose as the background configuration.
The remainder of this paper is devoted to the study of the weak coupling expan-
sion of the SYM theory for the case G = SU(n) and arbitrary choice of compatible
background field configuration. The general approach and discussion will be appli-
cable to any choice of gauge group G, but the perturbation theory analysis in section
six has to be suitably modified to accommodate degenerate momentum eigenvalues.
4 The minimally supersymmetric perspective
Supersymmetric Yang-Mills theory in 3 + 1 space-time dimensions with N super-
charges can be viewed as the dimensional reduction of N = 1 SYM in d+ 1 dimen-
sions [16] which is defined by the Lagrangian density
L = 1
g2
Tr
{
−1
4
FMNF
MN +
i
2
ψΓMDMψ
}
. (4.1)
The N = 2 theory is obtained for d = 5 and the N = 4 theory for d = 9. The
vector index takes values M = 0, 1, . . . , d where the spatial part will be denoted
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I = 1, . . . , d to distinguish it from the three dimensions of the spatial torus, denoted
i = 1, 2, 3. In (4.1) ψ is a Majorana spinor in 3 + 1 dimensions, a Weyl spinor in
5 + 1 dimensions and a Majorana-Weyl spinor in 9 + 1, yielding matching numbers
of bosonic and fermionic degrees of freedom in each case. As we will see, this higher
dimensional perspective on the four dimensional SYM theory is advantageous when
we consider corrections to the energy spectrum.
The classical expressions for the Hamiltonian of the fully interacting N = 1
theory is given by the Legendre transform of (4.1) according to
H =
∫
T 3
d3xTr
{
g2
2
ΠiΠ
i +
1
4g2
FijF
ij − i
2
ψΓiDiψ
}
, (4.2)
where Πi denotes the momentum conjugate to Ai. This expression contains explicit
g-dependence which is consistent with the expectation, discussed above, that the
energy spectrum should receive corrections in the interacting theory.
The N = 1 supersymmetry transformation of the theory is given by
δAM =
i
2ǫΓMψ
δψ = 14FMNΓ
MNǫ
, (4.3)
where ǫ is the infinitesimal spinor parameter of the transformation. At this point
it should be noted that for the 5 + 1 dimensional case, where the spinor ψ is not
Majorana and can consequently not be identified with its conjugate ψ, the transfor-
mation δAM must be modified to include the complex conjugate of ǫΓMψ in order
for the transformations to constitute a symmetry of (4.1) and for the variation of
the gauge field AM to be real. For definiteness (and compactness) we will use 9 + 1
notations in all computations below. The generalization to include the complex
conjugate in the supersymmetry transformations is straightforward, if somewhat
cumbersome, and most importantly does not influence the arguments presented in
the following sections, even though the details of certain constructions need to be
slightly modified.
The Noether current associated to the transformation (4.3) is
JM = ΓNPΓMTr(ψFNP ) , (4.4)
which is indeed conserved, ∂MJ
M = 0, by virtue of the equations of motion, the
Pauli-Fierz identity2 fabcǫΓMψ
aψ
b
ΓMψc = 0, where fabc are the Lie algebra struc-
ture constants, and the Bianchi identity ΓMNPψDMFNP = 0. The supercharge
generating (4.3) is therefore given by
Q =
√
π
2
√
2g2
∫
T 3
d3xJ0 , (4.5)
where the normalization has been chosen for later convenience.
The extended supersymmetry theories in 3+1 dimensions are recovered by split-
ting the vector index M into the four-dimensional vector index µ = 0, 1, 2, 3 and
A = 4, . . . , d, demanding ∂A is identically zero on all fields. In the N = 2 theory,
2The Pauli-Fierz identity holds in all three dimensions 4, 6 and 10 we consider and is the reason
that supersymmetry closes in these dimensions.
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the A = 4, 5 components of the gauge field are interpreted as two scalars transform-
ing in the 2 vector representation of the SU(2) R-symmetry and the components of
ψ are interpreted as two Weyl spinors in 3+1 dimensions transforming as a doublet
under R-symmetry. The N = 4 theory is obtained by interpreting the six transverse
components of the gauge field as scalars furnishing a 6 vector representation of the
R-symmetry, which in this case is SO(6). The spinor components are interpreted as
four Weyl spinors (and their conjugates) transforming in the 4 (4) representation of
the R-symmetry.
4.1 Weak coupling expansion revisited
Previously we considered the weak coupling expansion around an isolated flat con-
nection A = Aidxi in the four-dimensional theory. In terms of the higher dimen-
sional connection one-form this expansion is simply
A = A+ ga , (4.6)
where a is the one-form perturbation
a = aMdx
M = a0dt+ aIdx
I = a0dt+ aidx
i + aAdx
A , (4.7)
containing the perturbations to both the gauge field Ai and the scalar fields Φ in
the four-dimensional perspective, while the spinor field is expanded as
ψ = gλ , (4.8)
where λ is a spinor perturbation. We recall that A is considered as a fixed back-
ground field configuration and that the dynamical fields in the weak coupling ex-
pansion description of the theory are a and λ. As before, we denote the covariant
derivative with respect to the flat connection A by DM to distinguish it from the
full covariant derivative DM .
The Yang-Mills field strength is
FMN = g(DMaN −DNaM ) + g2(aMaN − aNaM ) (4.9)
by the flatness of A and vanishing of its conjugate momentum, and the covariant
derivative of the spinor field is
DMψ = gDMλ+ g2(aMλ− λaM ) . (4.10)
In terms of the perturbations aM and λ the Lagrangian density may then be written
as L = LB + LF, where
LB = − 1
4g2
Tr
(
FMNF
MN
)
= Tr
(
1
2
a˙I a˙
I − 1
4g2
FIJF
IJ
)
(4.11)
and
LF = i
2g2
Tr
(
ψΓMDMψ
)
=
i
2
Tr
(
λΓ0λ˙+ λΓIDIλ
)
(4.12)
are its bosonic and fermionic parts. The conjugate momenta of the fields are πI = a˙I
and π(λ) = i2λΓ
0. Expressed in terms of the perturbations, the supercharge is (with
the normalization chosen above) Q = Q0 + gQ1 where
Q0 =
√
π
2
∫
T 3
d3xTr
(
ΓIλπI + Γ
JΓ0ΓIλDIaJ
)
(4.13)
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and
Q1 =
√
π
8
∫
T 3
d3xTr
(
Γ0ΓIJλ(aIaJ − aJaI)
)
(4.14)
and contains no higher order corrections in g.
Since the fields a(x) and λ(x) and their conjugate momenta can, in addition to
time, only depend on the coordinates of the spatial torus, they may be expanded in
Fourier series using the eigenfunctions (3.4) forming a complete set of Lie algebra-
valued functions on T 3. The expansion yields
aI(x) =
∑
p
aI(p)up(x) , (4.15)
πI(x) =
∑
p
πI(p)up(x) , (4.16)
and
λ(x) =
∑
p
λ(p)up(x) , (4.17)
where the sum is over all p in (3.14) admitted by the torus. Here, the Fourier coef-
ficients aI(p), πI(p) and λ(p) also carry an implicit time-dependence. The complex
conjugates of the bosonic coefficients are given by
aI(p)∗ = aI(−p)
πI(p)∗ = πI(−p) , (4.18)
because of the reality of the fields aI and πI in position space. Both operators and
states will be functions of the Fourier coefficients implying that we are working in
the interaction picture, where both states and operators evolve with time. This
framework typically applies to a situation like the one we are considering, where
an interaction is added to the free theory. In that sense, the interaction picture is
suited for the perturbation theory approach to the interacting theory we will pursue
in section 6.
In the momentum space representation, obtained by the Fourier expansion, the
components of the supercharge are given by
Q0 =
√
π
2
∑
p
(
ΓIλ(−p)πI(p)− 2πiΓJΓ0Γipiλ(−p)aJ(p)
)
(4.19)
and
Q1 =
√
π
8
∑
p,p′,p′′
Cp,p′δp+p′+p′′,0Γ
0ΓIJλ(p′′)aI(p)aJ(p′) , (4.20)
where the orthonormality of up and the Coulomb gauge condition, which in mo-
mentum space takes the form pia
i = 0, have been enforced. Note the appear-
ance of the coefficients Cp,p′ related to the Lie bracket. We have retained the
three-dimensional index on pi to emphasize that they are the momentum eigen-
values on T 3. In the higher-dimensional index notation we would equivalently have
pI = (p1, p2, p3, 0, . . . , 0).
From the supersymmetry algebra
{ǫQ,Qǫ′} = ǫΓµǫ′Pµ , (4.21)
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where ǫ and ǫ′ are bosonic spinor parameters, and the fact that Q receives only
linear corrections in g we can conclude that the Hamiltonian of the theory is of the
form H = H0+ gH1 + g
2H2, with no higher order corrections than quadratic in the
coupling constant. The purpose of the present paper is to consider the spectrum of
the corresponding operator in the quantum theory, which leads us to the problem
of quantization.
4.2 Quantization with constraints
Quantization of a classical gauge theory requires an assignment, consistent with
any constraint present in the system, to each field in the classical theory of an
operator acting on some Hilbert space H. The assignment is required to preserve
the algebraic structure of the classical phase space, provided by the Poisson bracket,
and may be obtained by promoting the fields to quantum operators and prescribing
commutation relations according to the Dirac bracket method [17]. In the presence of
constraints causing inconsistencies that cannot be resolved by gauge fixing alone, the
Dirac method modifies the canonical commutation relations to ensure consistency.
The Dirac procedure corresponds to forming the symplectic quotient of the original
phase space by the group of symmetries generated by the constraints, which is in fact
the connected component Aut0(P ) of the group Aut(P ) of bundle automorphisms,
and then employing the canonical commutation relations for the quotient manifold.
The N = 1 SYM theory in d+ 1 dimensions in temporal gauge has the bosonic
degrees of freedom aI subject to the additional gauge condition DIaI = 0. The
constraints in the bosonic sector are thus DIaI = 0 and DIπI = 0, where the last
constraint follows from the equations of motion for the gauge field. These are second
class constraints, i.e. their Poisson bracket is non-vanishing. Using the Dirac bracket
then yields the commutation relation
[aaI (x), π
b
J (x
′)] =
1
2πi
(
δIJδ
abδ(3)(x− x′)−
∑
p
pIpJ
|p|2 u
b
p(x
′)uap(x)
)
(4.22)
[aaI (x), a
b
J (x
′)] = 0 , [πaI (x), π
b
J (x
′)] = 0 , (4.23)
where a, b are Lie algebra indices as before. The quantization in the fermionic sector,
on the other hand, is not complicated by inconsistencies caused by constraints so
the canonical anticommutator
{ǫλ(x), λ(x′)ǫ′} = 1
π
ǫΓ0ǫ′δ(3)(x− x′) , (4.24)
where ǫ and ǫ′ are arbitrary bosonic spinors, can be used. The normalization of these
(anti-)commutator relations is fixed by the fact that all the N = 1 single-excitation
multiplets in d+ 1 dimensions that we consider here are massless.
In the momentum space representation previously introduced, the corresponding
non-vanishing (anti-)commutation relations become
[aI(p), πJ (p
′)] =
1
2πi
(
δIJ − pIpJ|p|2
)
δp+p′,0 (4.25)
and
{ǫλ(p), λ(p′)ǫ′} = 1
π
ǫΓ0ǫ′δp,p′ . (4.26)
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We will now move on to consider the quantum SYM theory on T 3 in the weak
coupling regime, first in the limit g → 0 and then in the case of small but finite g,
using the momentum space representation and the results in the present section.
5 The free theory
In this section we will consider the free SYM theory on T 3 at isolated flat connections,
i.e. the limit g → 0, where the spectrum of the theory is known. The purpose is
to describe the Hilbert space and spectrum of the theory in the higher-dimensional
formalism, and introduce suitable creation and annihilation operators that will be
useful when we move on to consider the interacting theory.
In general, the Hilbert space of the SYM theory is the Fock space constructed
as the direct sum of tensor products of the single-excitation states of the theory,
i.e. states with transformation properties identical to those of the fundamental fields
aI , πI and λ. All possible such states are obtained by simply acting with the
corresponding operators on the vacuum state of the theory. However, there are
twice as many operators aI , πI and λ as physical degrees of freedom, since we
recall that the spinor λ has two real components for each physical mode, implying
that half of the (linear combinations of) operators must annihilate the vacuum to
yield the correct number of single-excitation states. Furthermore, the creation and
annihilation operators must satisfy appropriate (anti-)commutation relations so that
in our Hamiltonian formalism the corresponding states constitute eigenstates of the
4-momentum operator Pµ, ensuring that all states in the Hilbert space have well-
defined energies and momenta. Finally, the choice of particular linear combinations
as creation and annihilation operators, corresponding to a choice of basis in the
Hilbert space, must be compatible with the requirement from supersymmetry that
the spectrum be bounded from below by zero.
5.1 The free Hilbert space H0
The unique vacuum state |0〉 of the Hilbert spaceH0 of the free theory is by definition
annihilated by the supercharge Q0. For each momentum p the second term of (4.19)
suggest the introduction of the Hermitian operator
Γp = |p|−1piΓ0Γi , (5.1)
acting on spinor space, which squares to unity, implying that its eigenvalues are ±1.
Consequently, Γp induces a decomposition of λ(p) according to
λ(p) =
1√
2π
(λ+(p) + λ−(p)) (5.2)
where the components are defined by the relations
Γpλ±(p) = ±λ±(p) (5.3)
or equivalently
λ±(p)Γp = ∓λ±(p) . (5.4)
The decomposition of λ corresponds to the decomposition of the Lorentz group
SO(d, 1) into SO(1, 1)×SO(d−1) in the sense that Γp singles out the spatial direction
defined by the momentum pi from the remaining d− 1 directions transverse to it.
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Inserting the decomposition (5.2) into the expression for Q0 we are led to define
the operators
αI(p) =
1√
2
|p|−1/2πI(p) +
√
2πi|p|1/2aI(p)
α†I(p) =
1√
2
|p|−1/2πI(p)−
√
2πi|p|1/2aI(p) , (5.5)
related under complex conjugation by αI(p)
∗ = α†I(−p), as the bosonic creation and
annihilation operators. In terms of these operators the fundamental fields are given
by
aI(p) =
1
2
√
2pii
|p|−1/2(αI(p)− α†I(p))
πI(p) =
1√
2
|p|1/2(αI(p) + α†I(p))
. (5.6)
The operators αI(p) and α
†
I(p) obviously have the appropriate transformation prop-
erties and satisfy the commutation relation
[αI(p), α
†
J (p
′)] =
(
δIJ − pIpJ|p|2
)
δp+p′,0 . (5.7)
Thus, we may take α†I(p) and αI(−p) to create and annihilate a bosonic single-
excitation state of momentum +p. It should be noted that we still let the index
I run over all d spatial directions since there is no canonical way to eliminate the
redundant gauge degree of freedom corresponding to the gauge condition pIa
I = 0.
The extra term in the commutator compensates for this redundancy and reduces
the number of independent bosonic degrees of freedom to the appropriate d− 1.
Similarly, fermionic creation and annihilation operators can be defined using the
components λ±(p). However, the details of this construction depend very much on
the amount of supersymmetry, or equivalently the dimensionality d+1 of space-time
in the higher-dimensional perspective, we consider. This is quite natural since the
spinors have different properties in the cases d = 3, d = 5 and d = 9. Generally, in
terms of λ±(p) the expression for the supercharge takes the form
Q0 =
1√
2
∑
p
|p|1/2ΓI
(
λ+(p)αI(−p) + λ−(−p)α†I(p)
)
. (5.8)
We conclude that creation operators should be linear combinations of the compo-
nents of λ+(p) and annihilation operators linear combinations of the λ−(−p) com-
ponents, because of the structure of the expression (5.8) in terms of the bosonic
operators and the fact that Q0 should annihilate the vacuum state |0〉.
The number of creation and annihilation operators is of course always the same
as the number of physical fermionic degrees of freedom, i.e. d − 1. We can thus
introduce the notation λm+ (p) and λ
m− (−p), m = 1, . . . , d − 1, for the operators
that create and annihilate fermionic single-excitation states of momentum +p and
therefore satisfy the anticommutation relation
{λm+ (p), λn−(p′)} = δmnδp+p′,0 . (5.9)
In the next subsection we will consider explicitly the creation and annihilation op-
erators in the case N = 4 as an example.
According to the discussion in the introduction to this section, the full Hilbert
space H0 of the free theory is spanned by the states obtained by repeatedly acting
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with the creation operators λm+ (p) and α
†
I(p) on the vacuum |0〉. These states, while
not orthogonal because of the form of the commutation relation (5.7), are certainly
linearly independent3 and constitute a suitable basis {Bi} of H0. It should be noted
that the states
αI(p)|0〉 = 0
λm− (p)|0〉 = 0
(5.10)
equal the zero vector in the Hilbert space and are thus in fact part of H0. Con-
sequently, the states obtained by acting with any combination of αI , α
†
I , λ
m
+ and
λm− on |0〉 are expressible as linear combinations of the basis vectors Bi using the
(anti-)commutation relations. We will come back to this remark when we consider
the interacting theory.
We are now ready to consider the spatial momentum operator Pi and the Hamil-
tonian H0 of the free theory. The purpose is to verify that the creation and annihi-
lation operators are eigenfunctions of P 0µ = (H0, Pi) and to determine the spectrum.
The 4-momentum operator can be explicitly constructed using either the free super-
symmetry algebra
{ǫQ0, Q0ǫ′} = ǫΓµǫ′P 0µ (5.11)
or the corresponding classical expressions, e.g. the expression for the Hamiltonian
derived using the Legendre transformation of the Lagrangian density. These two
alternatives are equivalent and serve to determine the normalizations of creation
and annihilation operators, the (anti-)commutation relations and the supercharge
in (4.5), by requiring that E = |p| for massless single-excitation states.
Using the commutation relations (5.7) and (5.9) we obtain the free Hamiltonian
H0 =
∑
p
|p|
(
α†I(p)α
I(−p) + δmnλm+ (p)λn−(−p)
)
(5.12)
and the spatial momentum operator
Pi =
∑
p
pi
(
α†I(p)α
I(−p) + δmnλm+ (p)λn−(−p)
)
. (5.13)
From these expressions and the commutation relations we conclude that the states
α†I(p)|0〉 and λm+ (p)|0〉 are indeed eigenstates of both H0 and Pi. In particular, the
energy eigenvalues of the single-excitation states are E0 = |p|, as required, and
the complete spectrum of the theory is obtained by addition of these eigenvalues
in agreement with the results in [1]. It should be noted that even though the
spectrum of the iDi operator, i.e. the spectrum of allowed momenta on the torus,
is non-degenerate the energy spectrum will certainly be degenerate. First, all states
connected by supersymmetry transformations of course have the same energy. In
addition, two distinct momenta or linear combinations of momenta in (3.14) may
have identical absolute value, a degeneracy caused by the discrete subgroup of the
Lorentz group left unbroken by our particular choice of T 3 = R3/Z3. For an generic
torus, this degeneracy is lifted since the Lorentz group is then completely broken.
3Taking into account that only d− 1 of the components of α†I are independent.
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5.2 Fermionic operators in the free N = 4 theory
In this section we will consider in some detail the construction of the fermionic
creation and annihilation operators of the N = 1 theory in 9 + 1 dimensions, which
reduces to the N = 4 theory in 3 + 1 dimensions. In this case λ(x) is a Majorana-
Weyl spinor in the 16 representation of the SO(9, 1) Lorentz group. The gamma
matrices ΓM satisfy the Clifford algebra {ΓM ,ΓN} = 2ηMN and can be chosen so
that the Majorana condition implies reality of λ(x), which is thus a 16 component
real spinor. Furthermore, the Majorana flip in ten dimensions is
ψ1ψ2 = ψ2ψ1 (5.14)
for two arbitrary fermionic Majorana-Weyl spinors of opposite chirality. The equiv-
alently identity for two Majorana-Weyl spinors of equal chirality is
ψ1Γ
Mψ2 = −ψ2ΓMψ1 . (5.15)
Under the decomposition SO(9, 1) → SO(1, 1) × SO(8), corresponding to (5.2),
the chiral 16 spinor representation of SO(9, 1) decomposes into 8+s ⊕8−c . The eigen-
value under the action of Γp corresponds to the SO(1, 1) charge of the components
of λ(p). Thus, the spinors λ+(p) and λ−(p) transform in the 8s and 8c representa-
tions of the transverse SO(8)p respectively. Here, an index p has been attached to
emphasize the fact that the decomposition is characterized by the momentum p.
From the definition of Γp it is clear that the operator satisfies Γ−p = −Γp,
implying a relation between the decompositions of λ for p and −p since Γpλ±(−p) =
∓λ±(−p). This relation simply corresponds to the fact that reversing the momentum
p amounts to exchanging the notions of a spinor and a cospinor while preserving
the notion of spatial directions transverse to the momentum. Consequently, the
spinors λ+(−p) and λ−(−p) transform in the 8c and 8s representations of SO(8)⊥p
respectively. Because of the reality of λ(x) the complex conjugates of the fermionic
Fourier modes are given by
λ(p)∗ = λ(−p) , (5.16)
which implies that the modes λ± are related through complex conjugation according
to
λ∗±(p) = λ∓(−p) . (5.17)
The spinor bilinear identities for the Fourier modes are therefore
λ±(p)ψ = ψλ∓(−p)
λ±(p)ΓMψ = −ψΓMλ∓(−p) , (5.18)
with ψ being an arbitrary fermionic Majorana-anti-Weyl and Majorana-Weyl spinor
in the first and second equation respectively.
We now wish to introduce fermionic creation and annihilation operators using
the components λ+(p) and λ−(p). As discussed above, a well-defined set of such
operators must first of all have identical transformation properties which suggest
λ+(p) and λ−(−p), since they both transform in the 8s representation of SO(8)⊥p
and are positively charged under SO(1, 1)p. The anticommutation relations for these
modes, derived from (4.26), are
{ǫλ±(p), λ±(p′)ǫ′} = ǫΓ0ǫ′δp,p′
{ǫλ±(p), λ∓(p′)ǫ′} = 0 . (5.19)
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Using the relations (5.18), reducing to the physical degrees of freedom and denoting
these λm± (p), where m = 1, . . . , 8, we then obtain
{λ±(p)m, λ∓(p′)n} = δmnδp+p′,0
{λ±(p)m, λ±(p′)n} = 0 , (5.20)
which establishes the choice of λm+ (p) and λ
m− (−p) as the operators creating and
annihilating a fermionic single-excitation state of momentum +p.
Finally, a straightforward calculation shows that Q0 generates the supersymme-
try transformations of the theory according to
[ǫQ0, αI(p)] = − 1√2 |p|1/2ǫΓIλ−(p) +
1√
2
|p|−1/2pIǫΓ0λ−(p)
[ǫQ0, α
†
I(p)] = +
1√
2
|p|1/2ǫΓIλ+(p) + 1√2 |p|−1/2pIǫΓ0λ+(p)
(5.21)
and
{ǫQ0, ǫ′λ−(p)} = − 1√2 |p|1/2ǫΓIΓ0ǫ′αI(p)
{ǫQ0, ǫ′λ+(p)} = − 1√2 |p|1/2ǫΓIΓ0ǫ′α
†
I(p)
, (5.22)
which verifies that the single-excitation states indeed furnish a representation of the
free supersymmetry algebra (5.11).
6 The interacting theory: A perturbative approach
Having determined the spectrum of the theory in the free limit g → 0 in the previous
section, we now move on to consider the interacting theory, i.e. where the coupling
g is finite but weak so that the weak coupling expansion (3.1) is still valid. In the
context of this expansion it is of course also natural to pursue a perturbative ap-
proach to the theory itself in the weak coupling regime. Generally, such an approach
simply amounts to considering the operators and the states of the Hilbert space of
the theory as power series in the coupling constant g, subject to the requirement
that they reduce to the operators and states of the free theory in the limit g → 0.
Such power series considerations for the operators naturally implies that the cor-
responding eigenvalues, in particular the energy eigenvalues, are also described as
power series in g.
In this section we will consider the Hilbert space and the energy spectrum of
the interacting theory to lowest non-trivial order in the gauge coupling. From the
expression (4.2) for the Hamiltonian we expect to find the lowest energy eigenvalue
corrections at order g2, which we will verify below, while the energy eigenstates
receive corrections proportional to g. The Hamiltonian H may be expressed as the
free Hamiltonian H0 modified by a perturbation according to
H = H0 + gV (6.1)
where the perturbation, fixed by the supersymmetry algebra as previously men-
tioned, is
VSYM = H1 + gH2 , (6.2)
where the parts H1 and H2 can be computed either using the Legendre transfor-
mation or the supersymmetry algebra as before. In what follows we will only need
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explicit expression for Q1 and H1 which are given by (4.20) and
H1 = i
∑
p,p′,p′′
Cp,p′δp+p′+p′′,0
{
2πp′′JaI(p
′′)aI(p)aJ(p′) +
1
2
λ(−p′′)ΓIλ(p)aI(p′)
}
,
(6.3)
where the fundamental fields aI , πI and λ have been used for compactness. We
recall that Cp,p′ is imaginary, making H1 real. The expressions for Q1 and H1 share
two features essential for the following analysis. The first is the presence of the
factor Cp,p′ which is only non-zero for distinct classes of momenta. Consequently,
all terms in Q1 and H1 consist of mutually (anti-)commuting operators, since if p
and p′ belong to different classes of momenta p+ p′ belongs to yet another distinct
class, which implies that they have zero vacuum expectation value in the free theory
〈0|Q1|0〉 = 〈0|H1|0〉 = 0. The second is the cubic structure of all terms and the fact
that the total momentum is zero. The importance of these properties will become
apparent in the discussion to follow.
The nature of the single-excitation states is central to the analysis of the interact-
ing theory in the present chapter and a careful consideration is therefore necessary
at this point. At a first glance, the torus breaks any conformal symmetry the theory
might possess in Minkowski space-time so that there is no problem of scale invari-
ance preventing the separation of the ”in” and ”out” states of a scattering event.
However, due to the finite size of the torus the components of the momenta take
values pi = Z +
1
2piArg zi, as was previously mentioned, implying that the smallest
momentum magnitudes are of the order of unity for the particular choice of torus
T 3 = R3/Z3. Because of this quantization of momenta any uncertainty involved in
preparing the ”in” and ”out” states can be assumed to be negligible compared to
the separation, of order unity, between different momentum eigenvalues. The states
will therefore have sharp values of the momentum and be described by plane waves
in position space. Consequently, the corresponding excitations will be completely
spatially delocalized and will therefore be interacting when g is finite, since their
wave functions certainly overlap. It is thus impossible to separate the ”in” and
”out” states of a scattering event allowing for them to be considered asymptotically
as states of the free theory. For this reason the notion of a particle is not strictly
applicable, since it implies localization in both momentum and position space, in
the interacting theory and we will continue to simply use the label excitations.
The inability, due to the compactness of the spatial manifold, to separate the ”in”
and ”out” states also has a fundamental qualitative consequence for the spectrum
of the interacting theory. For a theory in Minkowski space-time (or indeed a general
non-compact space-time) whose Hamiltonian can be written in the form (6.1), as
the sum of a free Hamiltonian and an interaction, we expect the full Hamiltonian H
to have the same spectrum as H0 provided that the masses in H0 are taken to be the
physical masses of the theory, not the mass parameters in H. The reason for this
expectation is the assumption that any measurement of a scattering cross-section is
made at some distance from the point of interaction that is large compared to the
range of the interaction, so that the states in the measurement region are effectively
non-interacting. In the case of Minkowski space-time this assumption is indeed valid
since the momentum spectrum is continuous, implying that the ”in” and ”out” states
are necessarily finitely delocalized in momentum space. The excitations are therefore
also localized in position space and described by wave-packets of finite extent in
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coordinate space. It is thus possible to measure the ”in” and ”out” states sufficiently
far in the past or future respectively for them to be considered as non-interacting. In
contrast, in the case of the torus that we are considering, we can no longer assume
that measurements are made in the asymptotic region simply because it doesn’t
exist; the interaction region covers the entire spatial manifold. Consequently, we
are in a situation where the theory described by H is fundamentally different from
the one described by H0 since the interaction V cannot be considered as simply
redefining the physical masses. There is therefore no rationale for assuming that the
spectrum of the interacting theory is the same as that of the free theory4.
According to the above discussion, when we consider the interacting theory we
expect to find non-trivial corrections to the spectrum of the Hamiltonian in the sense
that the spectrum of H differs, in a non-trivial way, from that of H0. In order to
address this problem we now proceed to construct the interacting Hilbert space and
consider the energy corrections using perturbation theory.
6.1 Degenerate perturbation theory
Formally, the expressions for the energy eigenstates and eigenvalues of the interacting
theory in a perturbation theory approach are given by
|n〉g = |n〉+ g|n(1)〉+O(g2) (6.4)
and
En = E
(0)
n + gE
(1)
n + g
2E(2)n +O(g3) , (6.5)
where |n〉 are the unperturbed energy eigenstates and E(0)n the corresponding unper-
turbed energy eigenvalues. In general, perturbation theory allows the calculation of
eigenvalues to one order beyond that of the eigenstates. In particular, we expect to
be able to compute |n(1)〉, E(1)n and E(2)n using similar sums involving matrix elements
of the unperturbed states |n〉 of the free theory.
The naive way of determining the corrections to eigenstates and eigenvalues
of the Hilbert space in the interacting theory is to use the results from standard
perturbation theory with an arbitrary perturbation V , given by
|n(1)〉 =
∑
k 6=n
|k〉 〈k|V |n〉
E(0)n −E(0)k
(6.6)
and
E(1)n = 〈n|V |n〉 (6.7)
E(2)n =
∑
k 6=n
|〈k|V |n〉|2
E(0)n − E(0)k
. (6.8)
Inserting the explicit expression for VSYM we find that each of these terms gives two
contributions, of different orders in g, so that the corrections in the case of the SYM
perturbation take the form
|n(1)〉 =
∑
k 6=n
|k〉 〈k|H1|n〉
E(0)n −E(0)k
(6.9)
4It should be emphasized, however, that the appearance of new states in the Hilbert space is not
expected; only a non-trivial change in the energy eigenvalues that cannot be described by simply
rescaling the parameters of the theory.
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and
E(1)n = 〈n|H1|n〉 (6.10)
E(2)n = 〈n|H2|n〉+
∑
k 6=n
|〈k|H1|n〉|2
E(0)n −E(0)k
. (6.11)
However, in the present case we expect the above approach to encounter difficul-
ties, since the unperturbed energy eigenvalues are degenerate and the expressions
for both |n(1)〉 and E(2)n therefore appear to be ill-defined. To remedy such problems
one is usually required to apply degenerate perturbation theory, which amounts to
choosing an appropriate basis in the subspace of degenerate unperturbed states so
that all the off-diagonal matrix elements 〈k|H1|n〉 for degenerate states vanish. We
must therefore consider the subspaces of degenerate states for the basis {Bi} in more
detail.
In addition to the two classes of degeneracies, caused by supersymmetry and
Lorentz symmetry respectively, described in the previous section there may also be
accidental degeneracies, between states not related through any symmetry, in the
spectrum of the free theory. In particular, such degeneracies can always be engi-
neered by deforming the geometry of the torus. However, it is possible to show
that any states |n〉 and |k〉 for which H1 have a non-vanishing matrix element have
different energies E(0)n and E
(0)
k . The reason is that, as mentioned above, all the op-
erators in each term of H1 commute since they have momenta p, p
′ and p′′ = −p−p′
belonging to distinct classes due to the presence of the Cp,p′-factor. Consequently, to
obtain non-vanishing contributions to the matrix elements they must be contracted
with external momenta in either |n〉 or |k〉 while all the remaining external momenta
are contracted between |n〉 and |k〉. Denoting the states
|n〉 = |p1, σ1; . . . ; pNn , σNn〉
|k〉 = |q1, τ1; . . . ; qNk , τNk〉
, (6.12)
where pm, qm are the momenta and σm, τm denote the helicities of the corresponding
creation operators, we obtain the energies as
E(0)n =
Nn∑
m=1
|pm| (6.13)
E(0)k =
Nk∑
m=1
|qm| . (6.14)
A non-vanishing contribution simply implies that three of the momenta pm or qm
are replaced with p, p′ and −p− p′ in the expressions for the energies while the rest
are identified pairwise between |n〉 and |k〉. Thus, the energy difference between the
states is given by
∆E(0) = ±|p| ± |p′| ± |p+ p′| , (6.15)
with the signs depending on the precise contraction. Because of the triangle inequal-
ity |p + p′| < |p| + |p′|, where we have a strict inequality since |p| and |p′| cannot
be parallel because they belong to different classes of momenta, ∆E 6= 0 and the
energies of the states |n〉 and |k〉 that have a non-vanishing matrix element are nec-
essarily different. Note that in particular this implies that the expectation value of
H1 in any state, not just the vacuum |0〉, is zero, 〈n|H1|n〉 = 0.
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To summarize, we have showed that the matrix elements 〈k|H1|n〉 vanish for all
states |n〉 and |k〉 that are degenerate with respect to the energy eigenvalue, a result
that has two important consequences. First, the sum over states in the perturbation
theory expressions can be consistently restricted to states of energies different from
that of the original one, so that all potentially dangerous divergences are rendered
harmless. Second, since all matrix elements in the subspace of degenerate energies
are zero, the operator H1 is not only diagonal but identically zero within this sub-
space, a property which is invariant under a change of basis. Thus, the perturbation
theory expressions are valid for all choices of basis in the degenerate subspaces. The
argument above is of course also valid for Q1, implying that 〈k|Q1|n〉 = 0 for all
degenerate states, since it has a structure identical to that of H1.
Before proceeding with the perturbative treatment of the interacting theory it
is convenient to introduce a more compact notation for the relevant operators and
states of the free Hilbert space. First of all, we can make an explicit choice of the
linear combination of supercharges appearing in the supersymmetry algebra. From
now on we will denote by Q0 and Q1 the Lorentz scalars obtained by contracting
the spinor index of the components of the supercharge with an ǫ parameter such
that supersymmetry algebra takes the form
H0 = Q
2
0 (6.16)
H1 = Q0Q1 +Q1Q0 (6.17)
H2 = Q
2
1 . (6.18)
As was exemplified in section 5.2 for the case of the N = 4 theory, the action of Q0
on a state in the basis {Bi} generally produces a linear combination of the states
of opposite statistics. However, as we saw above, the perturbation theory results
are applicable for any choice of basis so we may for simplicity choose another basis
{|nB,F 〉} of H0, which is orthonormal and where the action of Q0 is
Q0|nB〉 =
√
E(0)n |nF 〉 (6.19)
Q0|nF 〉 =
√
E(0)n |nB〉 . (6.20)
The labels B and F denote the statistics of the states and will be suppressed when-
ever the helicity properties of the states are not essential. This action of Q0 is
compatible with the orthonormality of the basis since we have
〈nF |nF 〉 = 1
E(0)n
〈nB|Q20|nB〉 =
1
E(0)n
〈nB|H0|nB〉 = 〈nB|nB〉 , (6.21)
so Q0 preserves the normalization. Also, the orthonormality of the basis implies the
completeness relation ∑
|n〉∈{|nB,F 〉}
|n〉〈n| = 1 . (6.22)
In the following we will always use the basis {|nB,F 〉} for H0 in our considerations
unless otherwise is clearly stated. Just as for the original basis {Bi} the elements of
the new basis can be represented using a well-defined set of momenta and helicities
corresponding to the creation operators involved, collectively denoted nˆ, according
to
|n〉 = |p1, σ1; . . . ; pN , σN 〉 = nˆ|0〉 . (6.23)
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In terms of the multi-excitation creation operators generating the {Bi} basis, nˆ
may be expressed as a linear combination of the operators with the momentum
and helicity structure {p1, σ1; . . . ; pN , σN} for the included single-excitation creation
operators α†I(p) and λ
m
+ (p).
6.2 Infinite norm states and the Stone-von Neumann theorem
Having established that the expressions for the corrections to both eigenstates and
eigenvalues of the Hamiltonian are well-defined we should, according to the stan-
dard perturbation theory prescription, finally renormalize the states |n〉g. However,
considering the norm of the interacting vacuum state
|0〉g = |0〉 − g
∑
k 6=0
|k〉 1
E(0)k
〈k|H1|0〉 (6.24)
we find
g〈0|0〉g = 〈0|0〉 + g2
∑
k 6=0
|〈k|H1|0〉|2
(E(0)k )
2
. (6.25)
In this expression the matrix elements 〈k|H1|0〉 don’t fall off fast enough at high
momenta so that the sum diverges, which can be seen by inserting (5.2) and (5.6)
into the expression (6.3) for H1 and counting powers of momenta.
Consequently, the interacting vacuum is not normalizable using the norm of the
Hilbert space H0 of the free theory, and therefore does not describe a state in it.
Clearly, this implies that the interacting Hilbert space Hg cannot be identified with
H0, and that they therefore furnish unitarily inequivalent representations of the al-
gebra (5.7) and (5.9) of creation and annihilation operators. This is not a situation
normally considered in the context of perturbation theory in the Hamiltonian for-
malism, but as we will see below it is in fact a generic feature of quantum field
theory.
In quantum mechanics, where the number of degrees of freedom is finite, the
Stone-von Neumann theorem [18] implies that there is a unique, up to unitary trans-
formations, representation of the canonical commutation relations. Therefore, the
Hilbert space of a quantum mechanical theory is unique and in particular the per-
turbation theory prescription always produces normalizable states that belong to
that Hilbert space. The crucial assumption of the Stone-von Neumann theorem is
that the Hilbert space is separable and generated by a finite number of creation
operators acting on the vacuum. In the case of quantum field theory, however, the
space of creation and annihilation operators is infinite dimensional and so there is
in general not a unique representation, since the Stone-von Neumann theorem does
not apply5. Therefore, there is no reason to expect the Hilbert spaces Hg and Hg′
to be identical for two different strengths g and g′ of the coupling constant, since
the corresponding representations of the operator algebra are generically unitarily
inequivalent.
Fortunately, the fact that the perturbation theory produces an infinite norm
vacuum state need not be the bane of the perturbative approach to the problem.
5Generically, the Hilbert space of a quantum field theory on a non-compact spatial manifold is
also not separable. In the present case of spatial manifold T 3, however, the Hilbert space is in fact
separable.
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We are always able to redefine the Hilbert space norm in such a way as to precisely
cancel the divergence in g〈0|0〉g , a procedure which according to the above discussion
implies defining a new Hilbert space. If all states obtained using (6.9) for the ON-
basis {|nB,F 〉} acquire the same divergence in their norm, they all belong to the
renormalized Hilbert space and since a redefinition of the norm doesn’t affect the
eigenvalues, the energy corrections computed in perturbation theory are expected to
give the correct energy eigenvalues in the new Hilbert space. We therefore require
a more thorough understanding of the states produced by perturbation theory and
the interacting Hilbert space Hg.
6.3 Constructing the interacting Hilbert space
In this section we consider the construction of the interacting Hilbert space Hg
to linear order in g in more detail. Equivalently, such a construction amounts to
a representation of the (anti-)commutation relations (5.7) and (5.9), which are of
course independent of the coupling constant and hence valid also at finite g, for
the interacting theory. In order to describe the interacting Hilbert space we need to
specify the vacuum state and the action on this state of the creation and annihilation
operators αI , α
†
I , λ
m− and λm+ . Furthermore, we need to construct a basis of linearly
independent states obtained using these operators acting on |0〉g.
Let us begin the construction by considering again the state |0〉g in (6.24), con-
structed using perturbation theory, to verify that it constitutes the vacuum state of
the interacting Hilbert space Hg. We first note that since the free vacuum state and
H1 both have bosonic statistics, the sum in (6.24) runs over bosonic states |kB〉 only.
Since |0〉g reduces to |0〉 in the limit g → 0 by construction, the only properties we
need to verify explicitly are that Q = Q0 + gQ1 annihilates |0〉g to linear order in g
and that the energy corrections E(1)0 and E
(2)
0 vanish so that the vacuum energy is
zero to order g2. In order to show this we will need to use the completeness (6.22)
of the ON-basis {|nB,F 〉}.
Starting with the action of the supercharge on |0〉g we have
Q|0〉g = (Q0 + gQ1)|0〉 − g
∑
k 6=0
Q0|k〉 1
E(0)k
〈k|H1|0〉 +O(g2)
= gQ1|0〉 − g
∑
k 6=0
|k〉〈k|Q1|0〉 +O(g2)
= gQ1|0〉 − g(1 − |0〉〈0|)Q1|0〉+O(g2) = 0 +O(g2) , (6.26)
where we have also used the property 〈0|Q1|0〉 = 0 derived above. To verify that
the energy corrections are zero we first note that 〈0|H1|0〉 = 0 implies the vanishing
of E(1)0 . Finally, by a computation virtually identical to (6.26), the second order
correction also vanishes;
E(2)0 = 〈0|H2|0〉 −
∑
k 6=0
1
E(0)k
|〈k|H1|0〉|2
= 〈0|Q1Q1|0〉 −
∑
k 6=0
〈0|Q1|k〉〈k|Q1|0〉
= 〈0|Q1Q1|0〉 − 〈0|Q1(1− |0〉〈0|)Q1|0〉 = 0 , (6.27)
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using again 〈0|Q1|0〉 = 0. We can therefore conclude that |0〉g is indeed the vacuum
state of the interacting theory.
Next, we need to consider the states |n〉g generated by the perturbation theory
formula (6.9), for states |n〉 in the ON-basis of the free theory. Using the expression
(6.24) for the interacting vacuum we may write a general eigenstate of the interacting
theory, to first order, as
|n〉g = nˆ|0〉g + g
∑
k
kˆ
{
nˆ|0〉g 〈k|H1|0〉
E(0)k
+ |0〉g 〈k|H1|n〉
E(0)n − E(0)k
}
+O(g2) , (6.28)
where nˆ and kˆ are the linear combinations of multi-excitation creation operators
corresponding to the states |n〉 and |k〉. In (6.28) we have also used the fact that
〈k|H1|0〉 is only non-vanishing for bosonic |k〉 so that nˆ and kˆ commute. The above
expression tells us that an arbitrary state produced by perturbation theory can be
expressed as a linear combination of creation operators of the free theory acting on
|0〉g. Let us consider the norm of such a multi-excitation state
|n˜〉g = λm1+ (p1) . . . λmf+ (pf )α†I1(pf+1) . . . α
†
Ib
(pf+b)|0〉g . (6.29)
Using explicitly the expression for the (anti-)commutation relations for the creation
and annihilation operators of the free theory and the expression for |0〉g , it is straight-
forward to show that the norm g〈n˜|n˜〉g is given by the norm g〈0|0〉g times a finite
expression involving the momenta p1, . . . , pf+b and combinatorial factors. Hence, the
norm of an arbitrary state |n˜〉g is finite in the interacting Hilbert space Hg where the
norm was rescaled so as to make g〈0|0〉g finite. The finiteness of the norm g〈n˜|n˜〉g
is an expected property, considering that the only difference from the norm of the
interacting vacuum is the commutation of various creation and annihilation opera-
tors, which cannot in itself add divergences. We can thus conclude that since the
states |n〉g produced by perturbation theory are expressible as linear combinations
of multi-excitation creation operators acting on |0〉g, they are all normalizable and
therefore belong to Hg. Finally, the states |n〉 are linearly independent and span the
free Hilbert space, properties that cannot be destroyed by a continuous deformation
of the theory such as a continuous change of the coupling constant like we are con-
sidering here. Consequently, the states |n〉g are also linearly independent, since they
reduce to |n〉 in the limit of vanishing coupling, and constitute a suitable basis, albeit
not orthonormal, of the interacting Hilbert space Hg. According to the discussion in
the previous subsection this implies that the energy corrections from perturbation
theory indeed give the eigenvalues of the full Hamiltonian H = H0 + gH1 + g
2H2,
acting in the space Hg, to quadratic order.
Before proceeding to consider these energy corrections we pause for a few remarks
regarding the interacting representation of the creation and annihilation operator
algebra, corresponding to the Hilbert space Hg we constructed a basis for above. As
we saw, all states of Hg can be expressed as linear combinations of states obtained
by acting repeatedly with the creation operators α†I(p) and λ
m
+ (p) on the interacting
vacuum |0〉g. This is precisely the situation we encountered for the free Hilbert
space H0. In order to complete the description of Hg we also need to specify the
action of the annihilation operators on |0〉g. In the free theory, αI(p) and λm− (p)
annihilated the vacuum state, hence their name, but this need not be the case
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in the interacting Hilbert space. The reason is that the only requirement on the
states produced by acting with the annihilation operators on |0〉g is that they are
expressible in terms of linear combinations of the corresponding states obtained
using the creation operators, so that the number of single-excitation states match
the number of physical degrees of freedom, as was discussed in the context of H0 in
section 5. In fact, the action of the annihilation operators on |0〉g , to linear order in
g, can be immediately deduced from the expression (6.24), yielding
αI(p)|0〉g = −g
∑
k
[αI(p), kˆ]|0〉g 1
E(0)k
〈k|H1|0〉+O(g2) (6.30)
and
λm− (p)|0〉g = −g
∑
k
[λm− (p), kˆ]|0〉g
1
E(0)k
〈k|H1|0〉 +O(g2) , (6.31)
where we have used the fact that |0〉g and |0〉 are equal to zeroth order and the fact
that all states |k〉 for which the matrix elements are non-zero are bosonic, so that
we obtain the commutator rather than the anticommutator with kˆ, regardless of the
statistics of the annihilation operator. The expressions (6.30) and (6.31) are simply
new Hilbert space computation rules for evaluation of arbitrary operators acting
on the states of Hg. Finally, we need to verify that the construction described
above indeed produces a representation of the creation and annihilation operator
algebra. However, this follows immediately from the fact that we use perturbation
theory to generate the states |n〉g as linear combinations, albeit of infinite norm in
the free Hilbert space sense, of the states |n〉 of H0. Since these states certainly
furnish a representation of (5.7) and (5.9) so will the states |n〉g. This completes
our description of the interacting Hilbert space Hg.
6.4 Energy corrections to quadratic order
Finally, we are now in a position where we can consider the corrections of the energy
eigenvalues of an arbitrary state in H0 using the perturbation theory results (6.10)
and (6.11). As mentioned in the introduction, we expect all energy corrections to
be finite in the N = 1 SYM in 9 + 1 dimensions, or equivalently the maximally
supersymmetric N = 4 SYM in 3 + 1 dimensions. The reason is that the theory is
known to be finite to all orders in perturbation theory in Minkowski space, a property
that is not expected to be affected by changing the spatial manifold to a torus. In
the two cases with less-than-maximal supersymmetry, however, the quantum theory
must be renormalized implying that the generic 1-loop contribution to the energy
of a state diverges. Since the lowest order energy corrections in perturbation theory
contain precisely these effects, arising from the interactions of the fields of the theory,
we would generally expect them to diverge. An explicit choice of renormalization
prescription is then expected to be required in order to render the corrections finite.
In the present section we will consider the perturbative energy corrections to lowest
non-trivial order in the coupling g.
Using again (6.10) and the fact that the expectation value of H1 in any state of
the free theory vanishes, we can immediately conclude that the energy correction
linear in g is
E(1)n = 0 (6.32)
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for all states |n〉, which agrees with the expectation from the expression (4.2) for
the classical Hamiltonian. Therefore, we must proceed to quadratic order to obtain
the lowest energy corrections. For a state |nB,F 〉 of arbitrary statistics this is given
by (6.11), which may be written as
E(2)n = 〈nB,F |Q21|nB,F 〉+
∑
k
|〈k|Q1Q0 +Q0Q1|nB,F 〉|2
E(0)n − E(0)k
(6.33)
using the expressions (6.16), (6.17) and (6.18). Here, the sum is restricted to states
|k〉 with E(0)k 6= E(0)n according to the discussion above. Using completeness of the
basis {|nB,F 〉} we find that the first term in (6.33), containing the leading divergence,
is cancelled by part of the second term yielding
E(2)n =
∑
k
√
E(0)n
E(0)n − E(0)k
(〈nB|H1|k〉〈k|Q1|nF 〉+ 〈nF |H1|k〉〈k|Q1|nB〉) , (6.34)
where |nB〉 and |nF 〉 are related by the action of Q0. We note the degeneracy caused
by supersymmetry is not lifted by the interaction, which is not to be expected since
the perturbation gH1 + g
2H2 preserves this symmetry. The same is true for the
unbroken Lorentz symmetry.
Potential divergences in the energy corrections arise from the summation
∑
p,p′,p′′ ,
over all internal momenta admitted by the torus, appearing in Q1 and H1. To
have a non-vanishing contribution the two sums must effectively be the same in or-
der to have both matrix elements 〈nF,B|H1|k〉 and 〈k|Q1|nB,F 〉 simultaneously non-
vanishing, since the states |nB〉 and |nF 〉 have identical momentum structure. Note
that the sum over states k contributes no new potential divergences; it only serves
to select the states |k〉 corresponding non-vanishing elements for each term in the
sum over internal momenta. To emphasize the perspective of the above discussion
we may express the energy correction using the operator
On =
∑
k
√
E(0)n
E(0)n − E(0)k
H1|k〉〈k|Q1 , (6.35)
which contains the sum over internal momenta, describing the interactions of the
theory causing the change in energy eigenvalues. The correction E(2)n is then obtained
as the sum of matrix elements
E(2)n = 〈nB|On|nF 〉+ 〈nF |On|nB〉 (6.36)
between external states |nB〉 and |nF 〉.
At the moment we will primarily be concerned with the finiteness of the energy
corrections and it is therefore convenient to consider the cardinality of, i.e. the
number of elements in, the intersection of the set of external momenta {p1, . . . , pN}
of the state |n〉 and the set of internal momenta {p, p′, p′′} appearing in the operator
Q1, given as before by (4.20). We denote this quantity by
C = ∣∣{p, p′, p′′} ∩ {p1, . . . , pN}∣∣ . (6.37)
Since, as we remarked in the previous paragraph, there is effectively only one sum-
mation in the expression for E(2)n , we may take it to be the one appearing in Q1 and
use the cardinality C to characterize the terms in (6.34).
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6.4.1 C = 0 terms
For terms with C = 0 all internal momenta p, p′ and p′′ are hard, in the sense
that they don’t match any of the momenta in |nB,F 〉 and are therefore taken to
infinity by the sum
∑
p,p′,p′′ . However, because all three momenta are hard all three
excitations added by Q1 in the factor 〈k|Q1|nB,F 〉 must be removed by H1 in order
to have 〈nF,B|H1|k〉 non-vanishing. There are therefore no contractions of internal
and external momenta which implies that C = 0 terms are simply proportional to
the inner product of two states with opposite statistics 〈nF |nB〉 = 0. Consequently,
all potentially diverging C = 0 terms vanish identically.
6.4.2 C = 1 terms
In the case of C = 1 there is a single overlap between an internal momentum, say
p, referred to as a soft internal momentum, and an external momentum so that On
removes one of the original excitations in |kB,F 〉. Enforcing the delta function in
Q1 reduces the sum over internal momenta to a single sum
∑
p′ , where the terms
are functions of scalar products of p′ and {p1, . . . , pN}, powers of |p′| and the factor
Cp,p′. The precise expressions for the individual terms may be obtained using the
(anti-)commutation relations between the creation and annihilation operators of the
free theory for each state |nB,F 〉. As before, the remaining hard momentum p′ is
summed over all values admitted by the torus and the sum is expected to diverge
from counting powers of p′. However, it is possible to show that this contribution is
in fact, not only finite, but identically vanishing.
The vanishing of the C = 1 contribution can be understood as follows: Consider
the terms where, say, p = pN and {p′, p′′} ∩ {p1, . . . , pN−1} = ∅6. This implies that
p1, . . . , pN−1 denote the momenta of excitations that are not involved in the inter-
action described by On but whose corresponding operators are contracted directly
between the external states 〈nF,B| and |nB,F 〉. Thus, these excitations are to be con-
sidered as spectator excitations that have no influence on the matrix elements, which
implies that the C = 1 contribution to E(2)n for an arbitrary state |nB,F 〉 reduces to
that of a single-excitation state, as illustrated in figure 1.
〈nF |
pN
pN−1
...
p1
On
|nB〉
pN
pN−1
...
p1
Figure 1: The C = 1 contribution for arbitrary state |nB,F 〉 reduces to the single-
excitation case since only one excitation participates in the interaction described by
On.
However, the single-excitation states, being massless and therefore having four-
6All C = 1 terms are of course contained in this consideration by simply relabelling the momenta.
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momentum Pµ = (|p|, 0, 0, |p|) in some suitable frame, furnish a 12 -BPS representa-
tion of the free supersymmetry algebra (5.11). In the case of N = 1 SYM theories in
arbitrary dimension that we are considering here, there is no possible Higgs field, so
the single-excitation states remain massless in the interacting theory and therefore
continue to furnish a 12 -BPS multiplet of the full supersymmetry algebra (4.21). The
momentum operator Pi does not receive any corrections in the interacting theory,
and the single-excitation states are therefore protected from energy corrections to
all orders in perturbation theory because P0 = |p|. In particular, for the single-
excitation states there are no terms of cardinality C > 1 which implies that the
C = 0 and C = 1 contributions must cancel to give a vanishing energy correction to
quadratic order in g. However, as we previously argued, the contribution from C = 0
terms is zero for an arbitrary state and consequently the C = 1 contribution for a
single-excitation state must also be vanishing. This, finally, allows us to conclude
that the C = 1 contribution to the energy correction E(2)n for arbitrary state vanishes
identically by virtue of the discussion above.
6.4.3 C = 2, 3 terms
In the remaining cases, C = 2 and C = 3, all internal momenta are in fact soft. For
the C = 2 terms the reason is that the δp+p′+p′′,0 fixes the last remaining momentum
in the sum over internal momenta. Thus, there are no remaining sums over momenta
and therefore no divergences because the external momenta {p1, . . . , pN} are to be
considered arbitrary but fixed. The contributions to the energy correction E(2)n from
these C = 2, 3 terms are therefore finite. Since, as we saw above, the contributions
from C ≤ 1 vanish identically for all states we conclude that the energy correction
E(2)n is finite for an arbitrary state |nB,F 〉, a statement which is of course invariant
under a change of basis in the interacting Hilbert space Hg.
To conclude we note that the properties essential for the above arguments are
the trilinearity of the H1 and Q1 operators, and the fact that the fields in each term
of these two quantities are mutually commuting due to the presence of the Cp,p′
factor. These properties are not affected by the modification of the supersymmetry
transformations, discussed in section 4, to accommodate the 5+1 dimensional Weyl
spinors. Furthermore, the free theory serving as the starting point of the perturba-
tion theory approach is also essentially identical (except for the number of degrees
of freedom) for all SYM theories in 3 + 1 dimensions, even though the explicit con-
struction of the fermionic creation and annihilation operators differs. Consequently,
the considerations described in the present section generalize to 3 + 1 dimensional
SYM theories with arbitrary N .
7 Results and discussion
In this paper we considered supersymmetric Yang-Mills theory with G = SU(n)
in the space-time T 3 × R. Theories with extended supersymmetry were described
by dimensional reduction of higher dimensional SYM theories. The complications
arising from the finite size of the compact spatial manifold forced us to analyze
the theory in the fully interacting region even in the weak coupling regime. Using
perturbation theory we constructed the interacting Hilbert space and corrections to
the energy spectrum to lowest non-trivial order. In general, such an approach is not
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expected to produce finite energy corrections or even a consistent description of the
interacting Hilbert space. However, we saw that using the structure of the terms
H1 and H2 imposed by supersymmetry it was possible to consistently construct the
Hilbert space and show that the energy corrections are finite to O(g2). In fact,
even though the argument depends crucially on the presence of supersymmetry, it is
independent of the number N of supersymmetry generators in the 3+1 dimensional
perspective.
An explicit computation of the finite part of the energy corrections was not
attempted above. Should such a computation be undertaken it would be desirable
to consider a more general geometry of the torus, T 3 = R3/Λ for some lattice Λ, to
investigate the dependence of the energy corrections on the shape of the torus. In this
case the momenta would be given by the sum of a vector in the the reciprocal lattice
Λ∗ and another vector inversely proportional to the size of the torus, corresponding
to the non-abelian part of Di. In particular, in the limit where the size of the
torus becomes large we expect to reach a point where the uncertainty involved in
preparing a state becomes comparable to the separation between momenta forcing
us to consider states of finite extent in momentum space. Consequently, in this limit
we expect to be able to separate the ”in” and ”out” states of scattering events to a
non-interaction region, at least when the energies of the states are large compared
to the energy scale set by the torus, according to the discussion in section 6.
Finally, we could consider extending the analysis in the present paper to arbi-
trary simple G for which the moduli space of flat connections contain isolated points
suitable for the weak coupling expansion. Generically, these moduli spaces contain
higher-dimensional components in addition to the isolated ones. However, as long
as we restrict considerations to a perturbative analysis of the weak coupling regime
these components are not relevant for the theories located at the isolated vacua.
The use of perturbation theory would, however, be complicated by degeneracies in
the momentum spectrum, implying that several Lie algebra generators correspond
to the same momentum. In particular, the diagonalization of H1 in the subspace
of degenerate states of the free Hilbert space would become more involved. How-
ever, this complication corresponds to a technicality in the application of degenerate
perturbation theory and should be possible to incorporate in the analysis.
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